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Abstract. The tetrablock E defined below in Definition 1 1.1 1 is a certain polynomially 
convex subset of C 3 . We solve the fundamental equations for a triple T = (T\,T2,T3) 
of commuting bounded operators for which E is a spectral set. Such a triple will be 
called a tetrablock contraction. The fundamental equations are interesting in their own 
right as well as for their contribution to construction of dilation. A recent study of 
T-contractions has brought out the importance of fundamental operators clearly. We 
show how the tetrablock is intimately related to the symmatrized bidisc. The theory 
of T-contractions plays a crucial role. We completely decipher the structure of those 
tetrablock contractions whose spectra are contained in the distinguished boundary of 
E. As a consequence, we construct explicit dilations for those tetrablock contractions 
for which T3 has dense range. 

The background material used in this paper involves the theory of T-contractions 
with some new results developed here, characterizations of operators with numerical 
radius less than or equal to one and the theory of hyponormal operators, apart from 
complex geometry of the tetrablock and the symmetrized bidisc. 



I. Introduction 

1.1. Statement of Main Result. The set tetrablock is defined as 

E = {x = (xi,X2, X3) G C 3 : 1 — X\Z — Z2W + Z3ZW 7^ whenever \z\ < 1 and \w\ < 1}. 

(1.1) 

Definition 1.1. LetT_ = (Ti,T2,T%) be a triple of comminuting bounded operators on a 
Hilbert space %. We call it a tetrablock contraction if E is a spectral set for T_. 

A crucial role will be played by a pair of operator equations. These are so important 
that we call them the fundamental equations. Since we shall have much use for the defect 
operator Dt 3 = (I — T3T3) 1 / 2 , we denote it by D. The unknowns in the fundamental 
equations are Fi and F2 as bounded operators on the closure of range of D. 

Definition 1.2. For a commuting triple of contractions T = (Ti,T2,T3) ; the equations 

T x - T 2 *T 3 = DFiD, and T 2 - T*T 3 = DF 2 D (1.2) 

are called the first fundamental equation and the second fundamental equation respec- 
tively. 

One of the results in this paper is about existence and uniqueness of fundamental 
operators. It is interesting in its own right and plays a big role in the construction of 
the dilation. 

Theorem 1.3. For a tetrablock contraction T_ = (Ti,T2,Ts), the two fundamental equa- 
tions can be solved and the solutions F\ and F 2 are unique. 
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The dilation theorem of this paper is the following. 

Theorem 1.4. Let the triple T = (T 1; T 2 , T 3 ) be such a tetrablock contraction on a Hilbert 
space % that T 3 has dense range. Then there is a triple of commuting normal operators 
N = (Ni, N 2 , N%) on a Hilbert space /C containing H such that the Taylor joint spectrum 
o f N is contained in hE, the distinguished boundary of E and 

P n N^N^N^\ n = T^T^T* 3 

for all non-negative integers k\,k 2 and k 3 . 

Such a normal triple, for obvious reasons, will be called the dilation of the given 
tetrablock contraction. We explicitly construct this dilation. Apart from these two 
theorems, there are several important results in this paper. We discover the structures 
of certain classes of tetrablock contractions completely. These two special classes are 
called tetrablock unitaries and tetrablock isometries respectively. An added source of 
pleasure consists of numerous relations of the tetrablock to the symmetrized bidisk and 
of tetrablock contractions to T-contractions. 

1.2. Preliminaries on T-contractions. We need this quick exposure to Gamma con- 
tractions because many facts about them will be used in this paper. The open sym- 
metrized bidisc is 

G = {(zi + z 2 , ziz 2 ) : Zi, z 2 e D} 

and its closure is denoted by T. This is a polynomially convex subset of C 2 with the 
distinguished boundary 

bT = {(zi + z 2 ,z 1 z 2 ) : \zi\ = \z 2 \ = 1}. 

A commuting pair of bounded operators (S, P) is called 

(1) a T-contraction if the closed symmetrized bidisc T is a spectral set for (S, P), 

(2) a T-unitary if S and P are normal operators with the Taylor joint spectrum of 
the pair (S, P) contained in bT, 

(3) a T-isometry if it is the restriction of a T-unitary to a joint invariant subspace. 

Agler and Young studied the T-contractions in a series of papers, see [1] - [B]. They 
applied mainly Ando's dilation results which are limited to two variables. The change 
in point of view introduced in [9] showed that the question of whether T is a complete 
spectral set or not can be reduced to finding solution of an operator equation. This 
paper uses that technique of solving operator equations to establish that E is a complete 
spectral set if it is a spectral set for a commuting triple T with T 3 having dense range. 

A complete picture about T-contractions was given in [9J. We pick out the salient 
features from there as well as from earlier papers of Agler and Young ([6j and [1]) which 
we summarize below. It is part 3 that relates to operator equation solving. We put 
in part 2 below for further use later. For a contraction P and bounded operator 5* 
commuting with P, define p(S, P) = 2(1 - P*P) - (S - S*P) - (S* - P*S). 

Theorem 1.5. Let (S, P) be a pair of commuting bounded operators on H, with P being 
a contraction. Then the following are equivalent. 

(1) r is a spectral set for the commuting pair (S, P). 

(2) I-P*P > Re(3(S-S*P) for all (3 on the unit circle. In other words, p(/3S, (3 2 P) > 
for all f3 on the unit circle. 
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(3) The operator equation 

s -s*p = {i- p*p) 1/2 a{i - p*py/ 2 

called its fundamental equation has a unique solution A e B (Ran(I — P*P) l l 2 ) 
with numerical radius of F being not greater than one. 

(4) There is a pair of commuting normal operators R and U on a bigger Hilbert space 
K containing H such that the Taylor joint spectrum a(R,U) is contained in the 
distinguished boundary of T and 

P H R m U n \ H = S m P n 

for all non-negative integers m and n. Explicit construction of this normal pair 
involves the fundamental operator F obtained above. This implies that T is a 
complete spectral set. 

The pair (R, U) described above is called a T-unitary for very obvious reasons. Re- 
striction of a T-unitary to an invariant subspace is called a T-isometry. Certain routine 
facts will be used without further ado. Some of these are 

(1) if (5*, P) is a T-contraction and P is a unitary, then (S, P) is a T-unitary, 

(2) if (S, P) is a T-contraction and P is an isometry, then (S, P) is a T-isometry, 

2. The fundamental equations for tetrablock contractions 

The main content of this section is Theorem 12.41 which solves the fundamental equa- 
tions for a tetrablock contraction. The tetrablock E is a polynomially convex, but non- 
convex set and has several characterizations as stated below from the paper [TJ. It follows 
from the definition of E that 1 — x\z ^ ^ 1 — X2Z for any x&E and any z6D. Thus 
the holomorphic functions 

, T( / x X 3 Z — x l , ~V \ X 3 Z — X 2 , s 

W(z,x) = and T(z, x) = (2.1) 

X 2 Z — 1 X\Z — 1 

can be defined on D x E. Let M 2 denote the algebra of all 2 x 2 complex matrices 
equipped with the operator norm || • ||. Define 7T : M 2 ->• C 3 by 

TJ" f ( an ) ) = (a u ,a 2 2,det A). 

We quote from Abouhajar, White and Young a number of ways for deciding membership 
of an x in E. 

Theorem 2.1 (Abouhajar, White, Young). For x = (x\,x 2l xz) in C 3 , the following are 
equivalent. 

(1) x<EE (respectively £ E), 

(2) || x I / (-,a;)||^oo < 1 (respectively < 1), 
(2') \\Y(-,x)\\h°° < 1 (respectively <l), 

(3) \xi — x 2 x 3 \ + \x\X 2 — x 3 \ < 1 — \x 2 \ 2 (respectively < 1 — |x 2 | 2 y ', 
(3') \x 2 — X\X 3 \ + \xix 2 — x 3 \ < 1 — |xi| 2 (respectively < 1 — |^i| 2 j, 

(4) |xi| 2 — |x 2 | 2 + |x 3 | 2 + 2|x 2 — xix 3 \ < 1 (respectively <l), 
(4 ? ) — \x\\ 2 + \x 2 \ 2 + \x 3 \ 2 + 2\xi — x 2 x 3 \ < 1 (respectively < 1), 

(5) |xi| 2 + |x 2 | 2 — |x 3 | 2 + 2\x\X 2 — x 3 \ < 1 (respectively <1), 

(6) \x\ — x 2 x 3 \ + \x 2 — x\x 3 \ < 1 — \x 3 \ 2 (respectively < 1 — | 1 2 y> ? 

(7) x = tt(A) for an A G M 2 with \\A\\ < 1 (respectively < 1), 
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(8) x = 7r(A) for a symmetric A e M 2 with \\A\\ < 1 (respectively <1), 

(9) \xs\ < 1 (respectively < 1) and there are complex numbers 0\ and 2 with \0i\ + 
| 1 < 1 (respectively < 1) such that 

X\ = 0i + l3 2 %3 and x 2 = 02 + 0iX 3 . 

The theorem above will be crucial for the purpose of this note. And we have a neat 
new criterion for membership of an (x\,X2,x 3 ) hi E. 

Lemma 2.2. The triple (x\ 1 X2 1 x 3 ) is in E if and only if the pair (xi + zx2,zx%) is in 
G for every z on the unit circle. 

Proof. Theorem 1.1 in [Bj gives several characterizations of when a pair (s,p) will be in 
G. Of those characterizations, the one most suitable for our present purpose is that 

\s - sp\ < 1 - \p\ 2 and \s\ < 2. (2.2) 

Let s z = Xi + zx 2 and p z = zx 3 . Let (xi,X2,x 3 ) be in E. By part (9) of Theorem 12. 1[ 
we have \s z \ < 2. Now 

\S Z — S^Pz\ = \xi+ZX2-(xJ+^X^)zX 3 \ = \x 1 -X^X 3 + z(x 2 -X^Xs)\ < \xi— X~2~X 3 \ + \x 2 — XlX 3 \. 

Now appeal to part (6) of Theorem 12. II above to complete the proof that (s z ,p z ) is in G. 

Conversely, let (s z ,p z ) be in G (respectively T) for all z on the circle. By the charac- 
terization ( 12. 21) . we have a function /3 on the circle which satisfies 

s z ~ ~zPz = P{z)(l - \p\ 2 ) and \f3{z)\ < 1. 

Now 

p,s _ s z - ~zPz _ Xl + ZX 2 -Xi + ZX 2 ZX 3 _ (Xi - X2~X 3 ) + z(x 2 XjX 3 ) 
1 — \p\ 2 1 — 1 0^3 1 2 1 — \x 3 \ 2 

Since this holds for all z on the circle, we have (3(z) = (3± + z[3 2 , where 

Xi - X2~X 3 x 2 - x^x 3 

01 = T^R^ and & = T^^- 

Clearly, 

xi — 0i + /3 2 x 3 and x 2 = 02 + 0\X 3 . 
Moreover, for any Z\ and z 2 on the unit circle, we have 

\Z101 + Z 2 2 \ = \Z1\\01 + ~0 2 \ = \0(-)\ < 1. 

Zl Zi 

Now if we choose z\ and z 2 so that Z\0\ + z 2 2 = \0i\ + \0 2 \ and apply part (9) of Theorem 
\2.1\ that finishes the proof. □ 

The first thing to observe about tetrablock contractions is that the defining criterion 
can be greatly simplified. 

Lemma 2.3. A commuting triple of bounded operators T_ = (Ti,T 2 ,T 3 ) is a tetrablock 
contraction if and only if 

\\p(Z)\\ < WpW^e = snp{\p(x u x 2l x 3 )\ : (x u x 2 ,x 3 ) G E} (2.3) 

for any holomorphic polynomial p in three variables. 
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Proof. If T is a tetrablock contraction, then of course (I2.3P just follows from definition. 

The converse proof can be easily done by using polynomial convexity of E. Indeed, if 
cr(T) is not contained in E, then there is a point (Ai, A2, A3) in er(T) that is not in E. By 
polynomial convexity of E, there is a polynomial p such that \p(Xi, A 2 , A3) | > HpH^!?- 
By polynomial spectral mapping theorem, 

vipiX)) = {p(xi,x 2 ,x 3 ) : (xi,x 2 ,x 3 ) e cr(T)} 

and hence the spectral radius of p(T) is bigger than HpH^^. But then ||p(T)|| > HpH^^, 
contradicting the fact that E is a spectral set for T. 

By polynomial convexity of E, a triple satisfying (12. 3p will also satisfy 

\\f(T l7 T 2 ,T a )\\ <||/|L iB 

for any function holomorphic in a neighbourhood of E. Indeed, Oka- Weil theorem (The- 
orem 5.1 of [H]) allows us to approximate / uniformly by polynomials. Then Theorem 
9.9 of Chapter III of [20] about functional calculus in several commuting operators seals 
the rest of the deal. □ 

As a matter of detail, we note the following. These will come handy later. 

(1) A tetrablock contraction consists of commuting contractions. This can be seen 
easily if we take the polynomial Pi{x\, x 2 , x 3 ) = Xi for any % = 1,2,3. From 
various characterizations of E, we know that HpiH^^ < 1, see part (9) Theorem 
12.11 for example. Thus ||Tj|| = ||pj(T)|| < 1 for each i. 

(2) Restriction of a tetrablock contraction to a joint invariant subspace is a tetrablock 
contraction. Indeed, if Ai is a such a subspace, and p is any polynomial in three 
variables, then 

lbmUT 2 | M ,T 3 |M)ll = IIKDMI < \\p(t)\\ < WpIL^ 

Two operator functions of a commuting triple of contractions T = (T l5 T 2 , T 3 ) that we 
shall need are 

pi{Z) = 1- t;t 3 + (t;t 2 - r*^) - 2 Re (t 2 - t*t 3 ) 

and 

p 2 (T) = / - T* Z T 3 + (T]Ti - T* 2 T 2 ) - 2 Re {T x - T 2 *T 3 ). 
The numerical radius w(A) of a bounded operator A features naturally. It is defined 

as 

w(A) = sup I (Ax,x) I . 
||i||<i 

It is well known that w(A) and \\A\\ define equivalent norms. Indeed, 

r(A) < w(A) < \\A\\ < 2w(A) 

for all bounded operators A where r(A) denotes the spectral radius of A. 

The main result of this section is the following theorem which gives a chain of one 
way implications. The main content of the theorem is the existence and uniqueness of 
soulutions of the fundamental equations for a given tetrablock contraction. However, we 
have emphasized some intermediate steps which are very important. Note particularly 
the role played by T-contractions. Given two bounded operators X and Y, let [X, Y] 
denote the commutator XY — YX . 
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Theorem 2.4. Let Tx,T 2 and T 3 be three commuting contractions on a Hilbert space H. 
Then, in the following, (1) =4> (2) (3) (4). 

(1) The triple T = (Ti,T 2 ,T 3 ) is a tetrablock contraction. 

(2) The operator functions p\ and p 2 defined above satisfy 

pi(Ti, zT 2 , zT 3 ) > and p 2 {T\, zT 2 , zT 3 ) > for all z E~B. 

(3) For any z G C, if we define a pair of operators by 

S Z = T X + zT 2 and P z = zT 3 . (2.4) 

then (S z , P z ) is a Y -contraction for every z on the unit circle. 

(4) The fundamental equations U.S\) have unique solutions Fi and F 2 in B(RanD). 
Moreover, the B(RanD)) valued function Fi + zF 2 has numerical radius not 
greater than 1 for all z G D. 

Proof. (1) =>• (2): It is enough to prove that Pi(T 1 , zT 2 , zT 3 ) > for all zGl. The proof 
for p 2 is the same. 

Consider the function \l/ defined in 12. II If z G ID), then ty(z, ■) is a holomorphic function 
on E with 

V(z,T) = (zTa-TJil - zT 2 y\ 

Because E is a spectral set for T_, we know that ||^(2,T)|| < 1 which in other words 
means that 

(/ - zt;)-\zt; - T*)(zT 3 - t x ){i - zT 2 y x < i 

which translates to 

(zT; - T*)(zT 3 - Ti) < (/ - zT;)(I - zT 2 ) 

and finally 

\z\ 2 T;T 3 - zT 3 T x - zT{T 3 + T{T X < I — zT 2 — zT 2 * + \z\ 2 
which is nothing but pi(T 1 , zT 2 , zT 3 ) > 0. Since this holds for all z in the disk and since 
the function p\ is continuous, the inequality holds on D. That finishes the proof of this 
step. 

Lemma 12.21 showed that the terablock is intimately connected with the symmetrised 
bidisc. In the following, we shall see that the same is true for tetrablock contractions and 
T-contractions. Many facets of the theory of T-contractions will be used in this paper. 

(2) ^> (3): Let P be a contraction and let S commute with P. One of the criteria for 
such a commuting pair of operators (S, P) to be a T-contraction is that p(aS, ct 2 P) > 
for all a on the unit circle, see Theorem 11.51 Since we have 

Pi(T 1? zjT 2l Z1T3) > and p 2 (T u z 2 T 2 , z 2 T 3 ) > 

for all Z\ and z 2 on the circle, adding these two, we get 

D 2 > Re (^£1 + z 2 £ 2 ) = Re (^(Ei + z!z 2 Z 2 )). 

So for all a and z on the circle, we have 

D 2 > Re (a(Ei + zY> 2 )) 

= Re (a(Ti - T 2 *T 3 + z(T 2 - T*T 3 ))) 

= Re (a((7\ + zT 2 ) - (zT* - T 2 *)T 3 )) 

= Re (a((7i + zT 2 ) - z(T* - zT*)T 3 )) 

= Re (a((Ti + zT 2 ) - (T x + zT 2 )*zT 3 )). 
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Thus we have 

D 2 Pz > Re a(S z - S* Z P Z ) 

for all a on the circle which is the same as saying that p(aS z , a 2 P z ) > for all a on the 
unit circle. That finishes the proof. 

(3) =>- (4): The uniqueness part is the simplest. Indeed, let F\ and F[ be two bounded 
operators on HanD both of which satisfy the first fundamental equation Ei = DXD. 
Then F = Fx — F[ satisfies DFD = 0. Now, for x and y in H, we have {FDx, Dy) = 
(DFDx,y) = and hence F\ — F[ = 0. The existence part of this prof starts from the 
fact that (S z , P z ) is a T-contraction for any z on the circle. Appeal to Theorem 11.51 again. 
The T-contraction (S Z ,P Z ) has a fundamental operator, call it F(z). It satisfies 

S z - S* Z P Z = D Pz F(z)D Pz and w(F(z)) < 1 

where w stands for the numerical radius. Recalling what S z and P z are, the last equation 
becomes 

Ei + zE 2 = DF(z)D. 

This holds for all z on the unit circle. Integrating over the unit circle, we see that 
Ei = DFiD where Fi is the integration of the function F over the unit circle. Thus 

zY, 2 = D(F(z) - F X )D 

for all z on the unit circle and hence putting z = 1, we get that E 2 = DF 2 D where 
F 2 = F(l) — F\. Thus we see that F is a linear function F(z) = Fx + zF 2 for some 
bounded operators F\ and F 2 on RanD and 

Ex = DF X D and E 2 = DF 2 D. 

□ 

Armed with the fundamental operators F\ and F 2 of a tetrablock contraction T, we are 
ready to investigate those tetrablock contractions which are special. A unitary operator 
is a special kind of contraction because it is normal and its spectrum is contained in the 
unit circle. Indeed, that is a characterization. The next section completely unravels the 
structure of a commuting triple which consists of normal operators and whose Taylor 
joint spectrum is contained in the distinguished boundary of E. 

3. Tetrablock unitaries and tetrablock isometries 

The beginning of this section warrants a discussion on what the distinguished boundary 
of a domain Q is. Any study of a dilation involves those special tuples of operators whose 
joint spectrum is contained in the distinguished boundary bQ of Q. Let A(Q) be the 
algebra of continuous scalar functions on that are holomorphic on fi. A boundary for 
fi is a subset C of fi such that every function in A(Q) attains its maximum modulus on C. 
It is well-known that for a polynomially convex fi, there is a smallest closed boundary of 
fi, contained in all the closed boundaries of fi. This is called the distinguished boundary 
of fi. We need characterizations of the distinguished boundary of E and this is given in 
PP. We quote parts of Theorem 7.1 from there. 

Theorem 3.1 (Abouhajar, White, Young). For x = (xx,x 2 ,xs) E C 3 , the following are 
equivalent. 

(1) xebE, 

(2) xx = x 2 xs, \xs\ = 1 and \x 2 \ < 1; 
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(3) there exists a 2 x 2 unitary matrix U such that x = tt(U); 

(4) there exists a symmetric 2x2 unitary matrix U such that x = ir(U); 

(5) x^E and \xs\ = 1. 

Motivated by Lemma 12.21 it is natural to ask whether an analogous characterization 
holds for the distinguished boundary and the answer is yes. 

Lemma 3.2. A triple x = (x\, X2, x 3 ) G bE if and only if {x\ + ZX2, zx 3 ) G bT for all z 
from the unit circle. 

Proof Indeed, if (xi, x 2 , x 3 ) G bE, then we know from Lemma I2T21 that (s z ,p z ) G T and 
we know from Theorem 13.11 that \p z \ = 1. These two together form a characterization 
for (s z ,p z ) to be in bT (see Theorem 1.3 of [5]). Conversely, if for every z on the unit 
circle, (s z ,p z ) G bT, then by Lemma [2.21 we have (xi,X2,x 3 ) G E. That along with the 
fact 1 0^3 1 = 1 implies that (xi,X2,Xs) has to be in bE by part (5) of Theorem 13.11 □ 

We begin the study of those tetrablock contractions which are special in the same sense 
that unitaries are special among contractions. So these special tetrablock contractions 
are the candidates for dilation. 

Definition 3.3. A tetrablock unitary is a commuting triple of normal operators N_ = 
(Nx, N 2 , N 3 ) such that a(N) C bE. 

Theorem 3.4. Let N_ = (Ni, N 2 , N 3 ) be a commuting triple of bounded operators. Then 
the following are equivalent: 

(1) N_ is a tetrablock unitary, 

(2) N 3 is a unitary, N2 is a contraction and N\ = N^N 3 , 

(3) there is a 2 x 2 unitary block operator matrix [C/y] where Uij are commuting 
normal operators and N_ = (C/n, U22, ^11^22 _ ^21^12); 

(4) A^3 is a unitary and N_is a tetrablock contraction, 

(5) the family {(R z , U z ) : \z\ = 1} where R z = Ni+zN 2 and U z = zN 3 is a commuting 
family of T -unitaries . 

Proof. (1) =>• (2): By definition of a tetrablock unitary, Ni,N 2 and A^3 are commuting 
normal operators and their Taylor joint spectrum is contained in bE. By spectral map- 
ping theorem, a(N^) = P30~(N_) where P3 is the projection onto the third co-ordinate. 
Since o~(N) is contained in bE, we have |A| = 1 for all A G a(N 3 ). So A^ 3 is a normal 
operator with its spectrum contained in the unit circle. So it is a unitary. 

Consider the C*-algebra C generated by the commuting normal operators N\, N2 and 
A^3. This commutative C*-algebra is isometrically isomorphic, by the Gelfand map, to 
C(a(N)). The Gelfand map takes Ni to the co-ordinate function Xi for % = 1,2,3. The 
co-ordinate functions satisfy X\ = X2X3 on the whole of bE and hence on cr(N_) which is 
contained in bE. Thus N x = N%N 3 . 

(2) (3): We first note that N 2 is normal. Indeed, using the fact that Ni = N^N 3 , 
we get that A^iA^ 2 = N^N 3 N 2 = N;N2N 3 . On the other hand, AWi = N 2 N^N 3 . Since 
Ni and N 2 commute, we have N£N 2 N 3 = N2N£N 3 . Multiplying both sides on the right 
by N 3 , we get ^2 to be normal. Now just take 



U 



( 



N*N 3 -D m 
N 3 D N2 N 2 



) 
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(3) => (4): We shall verify that N_ is a tetrablock contraction by using Lemma I2T31 
First note that, because U is a unitary, we have 

I 0\ _ wu _ fU* n fU n U 12 \ fU* n U n + U^U 21 U* n U 12 + U* 21 U 22 



So 
and 



I J \U* l2 U&J \U 21 U 22 J \U* l2 Uu + U^ 2 U 2l UZ 2 U 12 + Ui 2 U 2 2, 

u* n u n + u* 21 u 2l = 1 = u* l2 u 12 + u* 2 u 22 (3.1; 



U* 2 U n + U* 22 U 21 = 0. (3.2) 

Since Un, U\ 2) U 2 i and U 22 are commuting normal operators, given any (z u , z 12 .z 21 , z 22 ) G 
cr(C7u, U12, U 2 i, U 22 ), we have 

(^n, ^12-^21) z 22 , Zii, Zi 2 , z 2 i, z 22 ) G cr(Un, U\ 2 , U 2 x, U 22 , U*^ U* 2 , U 21 , U 22 ). 

Thus by the relations (13. ip and (13.21) . we have 

kn| 2 + Nil 2 = 1 = |^i2 1 2 + \z 22 \ 2 and z 12 z u + z 22 z 2l = 0. 

Thus the scalar matrix Z = ** 2 ) is a unitary. Let p be a polynomial in three 

variables. Then 

\\ P (N U N 2 ,N 3 )\\ 

= r(p(Ni, N 2 , N 3 )) [by normality] 

= sup{b(7r(Z))| :Z=( Zl1 Zu ) with (z n , z 12 .z 21 ,z 22 ) G a{U lu U l2 ,U 21 ,U 22 )} 

< sup{|p(Ai, A2, A3) I : (Ai, A2, A3) G bE}[by the discussion above] 

< sup{|p(Ai, A 2 , A 3 ) I : (Ai, A 2 , A 3 ) G E} = \\p\\oo,e 
proving that N_ is a tetrablock contraction. 

(4) =>• (5): From Theorem 12.41 we know that (R z , U z ) is a T-contraction for every z on 
the unit circle. Moreover, U z is a unitary. A T-contraction whose second component is 
a unitary has to be a T-unitary, see part (4) of Theorem 2.5 of [9]. The commutativity 
is clear. 

(5) =>- (1): First note that N3 is a unitary by putting z = 1. Since Ri and i?_i are 
commuting normal operators, iV\ = (_R 1 + i?_ 1 )/2 and N 2 = (R i — R_ 1 )/2 are commuting 
normal operators. It remains to see that the joint spectrum a(N_) is contained in bE. 

The proof of that will depend on the observation that (xi,x 2 ,Xs) G bE if and only 
if for every z on the unit circle, (s z ,p z ) G bT where s z = X\ + zx 2 and p z = ZX3. Let 
(xi,x 2 ,x 3 ) be a point in the Taylor joint spectrum cr(N) of N_. Let 2 be from the unit 
circle. Then the Taylor joint spectrum of (R Z ,U Z ) is the set {(s z ,p z ) : s z = X\ + zx 2 
and p 2 = ZX3} which is contained in bT because (R z , U z ) is a T-unitary Thus any point 
(xx, x 2 ,x^) in cr(N_) has the property that {x\ + zx 2 , zx 3 ) is in bT for every z on the unit 
circle. By Lemma 13.21 above. {x\, x 2 ,x^) then has to be in bE and that completes the 
proof. □ 

The class of tetrablock contractions that are natural candidates for dilation are the 
tetrablock unitaries for reasons that have been amply described. However, we can sim- 
plify our lives by enlarging the class to include the following. 
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Definition 3.5. A tetrablock isometry is the restriction of a tetrablock unitary to a joint 
invariant subspace. 

This is also expressed by saying that a tetrablock isometry is a triple of commuting 
bounded operators which has a simultaneous extension to a tetrablock unitary. Thus a 
tetrablock isometry V_ = (Vi, V 2 , V3) always consists of commuting subnormal operators. 
Moreover, V3 has to be an isometry. Call V_ a pure tetrablock isometry if V3 is a pure 
isometry, i.e., a shift of some multiplicity. When we dilate a tetrablock contraction, it 
will be enough to dilate only to a tetrablock isometry because extension of a dilation 
is a dilation again as we shall see when we define dilation in the next section. It is for 
this reason that we need to understand the structure of tetrablock isometries completely. 
The rest of this section does that, 

Theorem 3.6 (Wold decomposition for a tetrablock isometry). Let V_ = (Vi, V 2 , V 3 ) be 
a tetrablock isometry on a Hilbert space %. Then there is a decomposition of H into a 
direct sum % = Hi © H 2 satisfying the following two conditions. 

(1) The subspaces Tl\ and 7i 2 are reducing subspaces for each of the Vi. 

(2) If Ni = Vi\u\ an d Wi = Vi\u 2 , then the triple N_ is a tetrablock unitary and the 
triple W_ is a pure tetrablock isometry. 

Proof. Let V 3 = N 3 (B W 3 be the Wold decomposition of the isometry V3 into its unitary 
part N 3 and the shift part W 3 . Suppose H = 'Ki@'K 2 be the corresponding decomposition 
of the whole space %. Thus V3 has the block matrix decomposition 

v-( N * M 

If we now write V 2 according to this decomposition of the space, then let its block matrix 
form be 

_ f A n A 12 \ 

By commutativity of V 2 with V3, the off diagonal entries A± 2 and A 2 \ end up commuting 
with the unitary A^ 3 and the shift W3. It is old wisdom that no non-zero operator can 
do that because {W 3 *) n converges to strongly as n tends to 00. Thus V 2 is diagonal 
too, say V 2 = N 2 © W 2 where N 2 and W 2 are contractions. Note that Vi = V 2 *V 3 because 
it inherits this property from its normal extension. Indeed, by definition of a tetrablock 
isometry, there is a Hilbert space /C containing H and a tetrablock unitary (Mi, M 2 , M3) 
on K. such that Mi\u = Vi for i — 1, 2, 3. Thus for hi and h 2 in "H, we have 

(Vihi,h 2 ) = (Mihi,h 2 ) = (M*M 3 hi,h 2 ) = (M 3 hi,M 2 h 2 ) = (V 3 hi,V 2 h 2 ) = (V 2 *V 3 h u h 2 ). 

Consequently, Vi = Ni © Wi where Ni = N;N 3 and W\ = W 2 *W 3 . By part (2) of 
Theorem 13.31 we have that (Ni, N 2 , N 3 ) is a tetrablock unitary. Thus our given tuple V_ 
has now been written as the direct sum of a tetrablock unitary N_ and a tuple W_ whose 
third component W 3 is a shift. That completes the proof. □ 

However, given a triple, how does one decide whether it is a tetrablock isometry or 
not. The following result gives necessary and sufficient criteria. The fourth part will be 
very handy when we construct the dilation. 

Theorem 3.7. Let V_ = (Vi,V2, V3) be a commuting triple of bounded operators. Then 
the following are equivalent. 
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(1) V is a tetrablock isometry. 

(2) V_ is a tetrablock contraction and V3 is an isometry. 

(3) V3 is an isometry, V 2 is a contraction and V\ is the same as V^V^. 

(4) V3 is an isometry, r(Vi) < 1, r(V 2 ) < 1 and V\ is the same as V 2 *V 3 where r 
stands for spectral radius. 

Remark 3.8. Note that post facto, (3) and (4) above imply that V 2 = V*V% as well. 

Proof. We shall prove that (1) => (2) => (3) => (1) and then (3) (4) => (3). 

(1) =>■ (2): Given a tetrablock isometry V_ = (Vi,V2, V3) on a Hilbert space Ti, by 
its definition, there is a Hilbert space K. containing H and a tetrablock unitary N_ = 
(Ni, N 2 , N 3 ) acting on fC for which W is an invariant subspace and Vj = Ni\% for i = 

1, 2, 3. It is then clear that V3 is an isometry because it is the restriction of the unitary 
N3 to the invariant subspace %. It is also clear that V_ is a tetrablock contraction because 
it is the restriction of a tetrablock contraction N_ to an invariant subspace. 

(2) (3): This part will require the solutions of the fundamental equations. This is 
a major departure from the theory of T-contractions because properties of T-isometries 
were deduced before the fundamental equation for a T-contraction was introduced. In 
the case of a tetrablock isometry, it is simplest to use the fundamental equations since 
existence and uniqueness of fundamental operators have already been deduced in Section 

2. Since V_ is a tetrablock contraction, the first fundamental equation has a solution. 
Since V3 is an isometry, the right hand side of that equation vanishes and hence we have 
V\ = V 2 * V3 (of course, we also have V 2 = V*V% from the second fundamental equation, but 
this is redundant). Contractivity of V 2 (or equivalently Vi) holds because all components 
of a tetrablock contraction are contractions. 

(3) =>■ (1): Given a commuting triple V = (Vi, V 2 , V 3 ) on a Hilbert space % consisting 
of an isometry V3, a contraction V 2 commuting with V3 and Vi = V 2 *V3, we invoke the 
Wold decomposition of the isometry V3. This gives a decomposition of the space % into 
a direct sum "Hi © T-L 2 according to which V3 decomposes as the direct sum of a normal 
operator A^ 3 and a shift W%. We find that V 2 , because it commutes with V 3 , has "Hi and 
% 2 as reducing subspaces. Similarly, for V\. This part of the argument has been detailed 
above in the proof of the Wold decomposition of a tetrablock isometry. Let Ni, N 2 , W\ 
and W 2 be as in that proof. Moreover, the relations ~N\ = N^N 3 and W\ = W 2 *W 3 follow 
because of the given relation V± = V 2 V 3 . Then the commuting triple N_ consists of a 
unitary A^3, a contraction N 2 and Ni = N 2 N 3 . Thus it is a tetrablock unitary. Thus to 
show that V is a tetrablock isometry, we need to show that the tuple W_ can be extended 
to a tetrablock unitary, since the other part N_ is already a tetrablock unitary. 

Realize W3 as multiplication by the co-ordinate function zona vector valued Hardy 
space H 2 (E) where the dimension of E is the multiplicity of the shift W3. Since W\ and 
W 2 commute with this shift and with each other, there are commuting H°°(E) functions 
(pi and ip 2 such that W% = T Vi , the multiplication on H 2 (E) by <pt for i — 1, 2. Moreover, 
the H°° norms of the operator valued functions </?i and (p 2 are not greater than one since 
W\ and W 2 are contractions. Because W\ = W 2 *W 3 , or equivalently = M^*Mf , 
we have 

(pi(z) = (p 2 *(z)z for all z6l (3.3) 
Consider on L 2 (E), the multiplication operators U^U^ and Uf, multiplications by 
ifi(z), <f 2 (z) and z respectively. Obviously Uf is a unitary operator on L 2 (E). Because 
of the relation (13. 3p that the functions ipi and <p 2 satisfy, we have = (U^ 2 )*U^. 
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Altogether the triple (£/£ , U^ 2 , Uf) makes a tetrablock unitary and it extends the triple 
W . So we are done. 

Thus we have proved (1) =>• (2) =>■ (3) =>■ (1). For the remaining part, first note that 
(3) implies (4) trivially. For the converse, since we have V\ = V 2 V%, multiplying both 
sides from the left by V 3 *, we get V£V\ = V£V 2 *V$ which by commutativity is the same 
as V 2 V£Vs which again is just V 2 because V3 is an isometry. Thus V 2 = V*V% as well. 
Consider the two operators 

\v 2 0) \o v 3 

By the relations V\ = V 2 V^ and V 2 = V*Vs, this pair satisfies B\ = B^B 2 . This imme- 
diately implies that B% is hyponormal. Indeed, B\Bl = B^B^B^Bi < B\B\ and this is 
the defining property of hyponormality. In fact, the pair (B\, B 2 ) is a T-contraction, but 
that is besides the point. 

Now we use a remarkable theorem due to Stampfli. 

Theorem 3.9 (Stampfli). If X is a hyponormal operator, then ||A n || = \\X\\ n and so 
\\X\\=r(X). 

For a proof of this theorem, see Proposition 4.6 of |lUj . 

We shall use it with X = B\ to get that = r{B\). The operator norm of B\ is 

as follows. 

m? = 11 ( ,° v ; )( ,°, v f) 11 = 11 ( Y*, L ) 11 , mm 



B 2n 



V 2 J \V? / " 11 v ^2^2*. 

Thus H-Bi || = max{|| Vi||, ||T^||}. Now, for the spectral radius, we apply the spectral radius 
formula. A straightforward computation using commutativity of V\ and V 2 shows that 

(ViV2) n . 

Consequently, r(B x ) = lim\\Bl n \\ l / 2n = lim || (K^ 2 ) n || 1/2n = r(ViV 2 ) 1/2 . Because V x and 
V 2 commute, the spectrum of V\V 2 is contained in the set {Xfi : A G cr(Vi) and fi G c(T4)}- 
Thus, given that both V± and V2 have spectral radii not greater than one, the same is 
true for V\V 2 . Consequently, r{B\) < 1. thus by Stampfli's result, both V\ and V 2 are 
contractions. □ 

We have a structure theorem for pure tetrablock isometries to go with the result above. 

Theorem 3.10. Let V_ = (Vi, V 2 , V3) be a commuting triple of bounded operators on a 
separable Hilbert space 7i. Then V_ is a pure tetrablock isometry if and only if there is a 
separable Hilbert space E, a unitary U : H — >■ H 2 (E) and two bounded operators T\ and 
t 2 on E such that 

(1) the H°° norm of the operator valued function T\ + t 2 z is at most \, 

(2) V 3 = U*M?U,V 2 = U*MgU and V x = U*M^U where tp^z) = r x + t 2 z and 
(p 2 {z) =t* + r*z. 

Proof. The existence of E is due to the fact that V3 is a pure isometry and hence is 
necessarily of the form of multiplication by z on H 2 (E) for some E. 

By the commutativity of the Vi, we have the following form for V\ and V 2 . The 
operator Vi = for some <pi and tp 2 in H°°(E). By V\ = V 2 V 3 (because V_ is a 
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tetrablock isometry), we get, by using the power series expansion of the holomorphic 
functions ipx and (f 2 that they necessarily have to be of the form 

(fi(z) — Ti + t 2 z and (p 2 (z) = T 2 + T i z - 

□ 

After all the hard work in this section for deciphering the structure of two special 
kinds of tetrablock contractions, we are ready to construct the diltion. 

4. Dilation 

4.1. New results on T-contractions. Interestingly, it is T-contractions that will shed 
light on dilation of tetrablock contractions. We shall see how, in the next subsection. 
Here we harvest a new result. For a contraction P, let D P = (I - P*P) 1 / 2 . Let V P 
be the closure of range of the positive operator Dp. Recall from Theorem 11.51 that the 
fundamental operator of a T-contraction (5*, P) is an operator on Dp. 

Lemma 4.1. Let S\, S2 and P be three commuting bounded operators such that P is 
a contraction with dense range. Suppose, moreover, that (S±,P) and (S2,P) are T- 
contractions with their fundamental operators A\ and A2 respectively. Then 

(1) Ai and A 2 commute, 

(2) [a 1 ,a;] + [a* 1 ,a 2 } = o, 

(3) S* X S 2 - S^Sx = D P (A\A 2 - A^A^Dp. 

Proof. This proof will use a relation which originally appeared in the proof of Theorem 
4.3 of [9]. We recall this relation and its brief proof. The relation says that if A is the 
fundamental operator of a T-contraction (S,P), then 

D P S = AD P + A*D P P. (4.1) 

The proof of this relation is simple. Let G = A*DpP + AD P — D P S. Then G is defined 
from "H — > T>p. Since A is the fundamental operator of the T-contraction (S, P), we have 

D P G = DpA*D P P + DpADp - D P 2 S = (S* - P*S)P + (S - S*P) -(I- P*P)S = 0. 

Now (Gh, Dpti) = (DpGh, h') = for all h, h! G U. This shows that G = and hence 
A*D P P + AD P = D P S. 

Let us now get down to the proof of this new result about T-contractions. We are 
given that SiS 2 = S 2 Si. Then D P SiS 2 = D P S2Si. Now, by using (14.1 1) , we have 

{A X D P + A\DpP)S 2 = {A 2 D P + A* 2 D P P)S 1 

A 1 D P S 2 + A\D P PS 2 = A 2 D P S 1 + A^DpPSx 

A X {A 2 D P + A* 2 D P P) + A\D P S 2 P = A 2 {A X D P + A\D P P) + A\D P S X P 

[At, A 2 \D P + {A X A\ - A 2 A\)D P P = A^Dp + A\D P P)P - A\(A 2 D P + A* 2 D P P)P 

When the last line is simplified, it gives 

[A h A 2 ]D P + ([A 1 , A* 2 ] + [Al, A 2 ])D P P + [A{, A* 2 }D P P 2 = 0. (4.2) 

This is true for any contraction P which has associated with itself two commuting 
bounded operators Si and S 2 such that (Si,P) and (S 2 ,P) are T-contractions with 
fundamental operators Ai and A 2 . Replace the contraction P by z 2 P and the bounded 
operators Si by zSi for i — 1,2 where z comes from the unit circle. Then the three 
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operators zS\,zS 2 and z 2 P satisfy the hypotheses of the lemma with the fundamental 
operators A\ and A 2 getting changed to zA\ and zA 2 . This is because they satisfy the 
fundamental equation 

(zSi) - (zS^(z 2 P) = D z * P {zA^D z ip 

for % — 1,2. Note that D Z 2 P and Dp are same. Putting these in (14. 2p . we get 

z 2 [A x , A 2 ]D P + z 2 ([A u AD + [A\, A 2 })D P P + [A\, A* 2 ]D P P 2 = 0. 

Since this is true for all z on the unit circle, we have [A*, AQDpP 2 = 0. Because P 
has dense range, we get that [Ai,A 2 ] = 0. This then gives us, using the coefficient 
of z 2 that ([Al,^] + [Al, A 2 ])D P P = 0. Again, because P has dense range, we have 
[Ai, Ag] + [A*, A 2 ] = 0. For the last part of the lemma, using commutativity of Si and 
S 2 , we get S 2 SIP = SiS 2 P. Now we use the fundamental equation for T-contractions 
to get that 

,£J(Si - DpAxDp) = St(S 2 - D P A 2 D P ). 

Thus, using (14. ip again, we get that S 2 Si~SlS 2 is the same as (D P A 2 +P*D P A 2 )A 1 D P - 
{DpA\ + P*D P A 1 )A 2 Dp which is equal to D P {AIA 1 -A\A 2 )D P . That proves the lemma. 

□ 

Corollary 4.2. Let T_ be a tetrablock contraction with T 3 having dense range. Then 
the fundamental operators F\ and F 2 of the tetrablock contraction T_ have the following 
properties: 

(1) they commute, 

(2) [F l *,F 1 ]-{F*,F 2 }=0 ! 

(3) T*Tx - T 2 *T 2 = D(F*F 1 - F*F 2 )D. 

Proof. The proof of commutativity of F% and F 2 and the two other properties will use 
the new results about T-contractions proved in Section 2. 

Put S± — Ti + zT 2 , S 2 = zTi + T 2 and P = zT 3 in Lemma 14.11 It is clear that the 
hypotheses of the lemma are satisfied. The fundamental operators are 

A 1 = F 1 + zF 2 and A 2 = zF x + F 2 . 

They commute. Since that is true for all z on the unit circle, Fi and F 2 have to commute. 
Now note that 

AtA* = {F 1 + zF 2 ){zF 1 + F 2 )* = + zF 2 )(zF* + F 2 *) = F1F 2 * + F 2 F* + zF 2 F% + zF 1 F? . 

Similarly, A* 2 A X = F*F X + F*F 2 + zF*F! + zF*F 2 and A\A 2 = F*F 2 + F*F ± + zF*F 2 + 
zF*F x and A 2 A\ = F 2 F* + F X F* + zF x F* + zF 2 F*. Thus [A 1} A%] + [A\,A 2 ] = (z - 
z)([F*, Fx] - [F 2 , F 2 }). Hence [F*, Ft] - [F*, F 2 ] = 0. 

The last bit follows from the last part of Lemma |4~T1 With Si, S 2 and P as above, we 
shall get 

SIS 2 - S*St = (z- z^Ti - T;T 2 ) and A\A 2 - A\A X = {z - z)(F*F 1 - F*F 2 ). 
That finishes the proof. □ 
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4.2. Construction of dilation. Given three commuting bounded operators T\,T 2 and 
T 3 on a Hilbert space "H, a simultaneous dilation of them consists of three commuting 
bounded operators Vl,V2 and 14 on a Hilbert space /C containing H in such a way 
that H is a co-invariant subspace of the Vi and the restriction of V* to T-L is T*. This 
automatically implies that 

PuV^V^V^ \ h = Tp-T^Tg 3 (4.3) 

for all non-negative integers k\, k 2 and k 3 . The dilation is called minimal if 

K. = span{T^T^ 2 T^h : k u k 2 and k 3 are non-negative integers and h G "H}. 

Dilation was a game-changing new geometric concept introduced by Sz.-Nagy and has 
made effective yet unpredictable appearances in many places. For more details, see the 
classic [T5] . As we have noted already, we need to produce here a tetrablock unitary 
dilation of a tetrablock contraction. It is enough to produce a tetrablock isometric 
dilation because extension of a dilation is a dilation. 

Theorem 4.3. Let T_ = (T 1 ,T 2 ,T 3 ) be a tetrablock contraction on H. Let T> be the 
closure of the range of D. Let K = %®T> Q)T> © • • • = %®l 2 (T>) . Consider the operators 
Vi, V 2 and V 3 defined on fC by 

V 1 (h , h u h 2 ,...) = (Ttho, F 2 *Dh + F x h u F*h + F,h 2 , F^h 2 + F,h 3 , . . . ) 

V 2 (h , h h h 2 ,...) = (T 2 h , F*Dh + F 2 h u F*h + F 2 h 2 , F*h 2 + F 2 h 3 , . . . ) 

V 3 (h , h lt h 2 ,...) = (T 3 h , Dh , hx,h 2 ,...). 

Then 

(1) V_ = (Vi,V 2 ,V 3 ) is a minimal tetrablock isometric dilation of T_ if T 3 has dense 
range. 

(2) IfW_ = (Wi, W 2 , W 3 ) is a tetrablock isometric dilation ofT_ -where W 3 is a minimal 
isometric dilation ofT 3 , then W_ is unitarily equivalent to V_. 

Proof. It is evident from the definition that V3 on JC is the minimal isometric dilation of 
T 3 in the Schaffer form. It is called so because in a one page paper [19] in 1955, Schaffer 
wrote down the block matrix form of the dilation after Sz.-Nagy showed its existence by 
using deep facts from complex analysis and measure theory. Schaffer wrote down the 
unitary dilation and we only have the isometry part of it here. 
Obviously the adjoints of the three operators on /C are 

V?(ho, h u h 2 , . . . ) = (T*h + DF 2 h u F*hi + F 2 h 2 , F*h 2 + F 2 h 3 , . . . ) 

v*{h , ht, h 2 ,...) = (r;h + DF 1 h 1 , F*hi + F,h 2 , f;u 2 + F,h 3 , ...) 
v*(h , ht, h 2 ,...) = (r;h + Dh u h 2 , h 3 ,...). 

The space T-L can be embedded inside /C by the map h h->- (h, 0, 0, . . . ). It is clear that 
"H, considered as a subspace of /C is co-invariant under Vi, V 2 and V 3 and V*\u = T* for 
all i — 1, 2, 3. This of course immediately implies (I4.3p . The job now is to show that V_ 
is a tetrablock isometry. 

Since V 3 is an isometry, in order to show that V_ is a tetrablock isometry, one has to 
justify the following: 

(1) V_ is a commuting triple, 

(2) vi = v;v 3 , 

(3) r(Vi) < 1 and r(V 2 ) < 1. 
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If we can show these, then by part (4) of Theorem 13.71 V_ will be a tetrablock isometry. 
V x V 3 (h ,h x ,h 2 ,...) 
= Vx(T 3 h , Dh , hi, h 2 , ■ ■ ■) 

= (T x T 3 h , F;DT 3 h + F x Dh , F;Dh Q + F x h x , F*h x + F x h 2 , F^h 2 + F x h 3 , ...). 

V 3 V x (h , h x , h 2 ,...) = V 3 (T x h , F 2 *Dh Q + F x h x , F*h x + F 1 h 2 , F* 2 h 2 + F x h 3 , . . . ) 

= (T 3 T x h , DT x h , F 2 *Dh Q + F x h x , F*h x + F x h 2 , F* 2 h 2 + F,h 3 , ...). 

Thus, to show that V\ and V 3 commute, we only need to show that DT X = F 2 DT 3 + FiD. 
Similarly, for V 2 and V 3 to commute, the criterion is that DT 2 = F*DT 3 + F 2 D. These 
are very reminiscent of (14. ip that we used in the last subsection. We use this formula 
for the T-contraction (T\ + zT 2 , zT 3 ) and its fundamental operator F\ + zF 2 where z is 
on the unit circle. We get 

D{T X + zT 2 ) = {F x + zF 2 )*DzT 3 + {F x + zF 2 )D = F;DT 3 + F X D + z(F*DT 3 + F 2 D). 

This holds for every z on the unit circle. Therefore, the required criteria for commuta- 
tivity are fulfilled. The commutativity of V x and V 2 i more non-trivial. 

V x V 2 (h , h x , h 2 ,...) = V x (T 2 h , F*Dh F 2 h x , F*h x + F 2 h 2} F*h 2 + F 2 h 3 , . . . ) 

= (T x T 2 h , {F;DT 2 + F x F*D)h + F x F 2 h x , F 2 F^Dh 
+ {F* 2 F 2 + F x F*)h x , F;F*h x + {F;F 2 + F x F*)h 2 , . . . ) 

and 

V 2 V x (h , h x , h 2 ,...) = V 2 (T x h , F*Dh F x h x , F%h x + F x h 2 , F^h 2 + F x h 3 , . . . ) 

= (T 2 T x h , {F*DT X + F 2 F;D)h + F 2 F x h x , F^F 2 Dh 
+ (F*F X + F 2 F*)h x , F*F*h x + (F*F X + F 2 F* 2 )h 2 , ...). 

Thus, to show that V x and V 2 commute, we need to show that 

(1) F x and F 2 commute, 

(2) F*F 2 + F X F* = F*F X + F 2 F* and 

(3) F*DT X + F 2 F*D = F*DT 2 + F X F*D. 

This is the place in the paper where the dense range assumption on T 3 will 
be used for dilation. We saw in Corollary 14.21 that the first two assertions hold good 
if T3 has dense range. The third assertion, as we shall see below, will follow from the 
second one. For the third one, we have to prove that 

FfDT x + F 2 F 2 *D = F;DT 2 + F X F*D. 

Or, in other words, 

DF*DT X + DF 2 F 2 D = DF 2 DT 2 + DF X F*D 
since the ranges of F x and F 2 are contained in T>. This last thing is the same as 

(Ti - t;t 3 )*t x - (t 2 - t;t 3 )*t 2 = d(f x f* - f 2 f 2 *)d 

by virtue of fundamental equations. By commutativity of T x and T 2 , this is the same as 

T{T X - T 2 *T 2 = D(F X F* - F 2 F 2 *)D. 



OPERATOR THEORY ON THE TETRABLOCK 



17 



In view of part 4(c) of Theorem 12.41 this is equivalent to 

d(f*f 1 - f;f 2 d = d(FxF* - f 2 f;)d 

which we know to be true from part (2) above. Having gotten commutativity of the V^, 
we show that V£V 3 is V\. This is a straightforward computation. 

V*V 3 (h , h u h 2 ,...) = V*(T 3 h , Dh , h u h 2 ,...) 

= (T 2 *T 3 /i + DFiDho, F*Dh + F x h u F^hx + F x h 2 , F* 2 h 2 + F x h^ . . . 

By the first fundamental equation, we have T 2 *T 3 + DF X D = T\. Therefore we have 

v 2 *v 3 = V 1 . 

We now show that r(Vi) < 1 and r(V 2 ) < 1. It is clear from the definition that V\ has 
the matrix form 
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we have by Lemma 1 of [12] that <j(Ta) Q &(Tx) U <j(Dx). We shall be done if we show 
that r(Tx) and r(Dx) are not greater than 1. We shall show that the numerical radius of 
Dx is not greater than 1. Since spectral radius is not greater than the numerical radius, 
we shall be done. Let us define 

(p : D B(V) 

z Fx + f; z . 

Clearly ip is holomorphic, bounded and continuous on the boundary <9D = T of the disc. 
Under the Hilbert space isomorphism which sends T> © T> © T> © ... to H 2 (3) © V, the 
operator Dx goes to multiplication by the function ip. Now w(M v ) < sup{w(ip(z)) : z G 
T}. Let us see what w(p(z)) is. Recall that the numerical radius of an operator X is 
not greater than one if and only if the real part of the operator zX is not bigger than 
identity for every z on the unit circle see [?]. Since we know that w(Fx + zF 2 ) < 1, we 
have that w(zxFx + z 2 F 2 ) < 1 for every zx and z 2 on the unit circle. Thus 

(zxFx + z 2 F 2 ) + (zxFx + z 2 F 2 )* < 2. 

In other words, 



which is the same as 



{zxFx + z 2 FZ) + ( Zl Fx + z 2 F;)* < 2 
Zl (Fx + zFZ) + zx(Fx + zF;)* < 2 



for every z and zx on the unit circle. And that by Ando's result again ([7]), implies that 
w(Fx + zF*) < 1. 

(2) Here, we shall many times use the natural identification between Hardy space 
H 2 {V) of V valued functions on the unit disk and 1 2 {V) = V © V © V . . .. This Hilbert 
space isomorphism will be used without further mention. 
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Obviously W 3 



T 3 
C 3 





D 3 



with respect to the decomposition l-L@l 2 (V) of /C , where 



C, 






V:/ 



from U^V®V®V 



and -Dq 



/0 
/ 


V- 














7 



l\V) 



Wi 



on D © D © P © . . . . From definition of dilation, we know that W\ and W 2 on "H i 
have the matrix forms 

'% 

,a D i/ 

for some Cj and Di for z = 1,2. There is a natural identification of D © I? © T> © . . . 
with H 2 (T>) and under this Hilbert space isomorphism the operator D 3 is the same as 
the multiplication operator Mf on H 2 (D). Because W_ is a tetrablock isometry, we use 
the characterization obtained in Theorem 13.71 to get W\ 



Ti 
Ci 

which gives 





M v 

•pi 







c* 2 

V2 



T, 
C 3 





M? 



W 2 W 3 and hence 
v 



T*T 3 + CZC 3 Cm 



2 J 3 



M u M 

<P2 



V 



(i) T, - 

(ii) & 



T*T 3 = c;c 3 



m»;c 3 

(iii) Ml = M"*M Z 



(4.4) 



From fl4.4l) -(iii). it is clear by considering the power series expansions of (pi and (p 2 
that ip^z) = F x + F*z and ip 2 {z) = F 2 + F*z for some F x and F 2 in B(X>). Thus 














Ft 



...\ 



7 



and -Do 



( F 2 
F* 


V- 





F 2 
F* 






F 2 



...\ 



•7 



onDffiDffiD 



Combining this with fl4.4|) -(ii). we get that 

Ti 
P\C 3 D 3i 



Wi 



onn®l 2 (V P ) 



Considering the stated matrix forms of Di and C 3 above, we get D\C 3 



Hence with respect to the decomposition "H © V © V 



The structure of Wo is similar. 



F*D 







F, 
F* 







F-l 







F-l 



of /C , we have 



fF*D\ 



V ! J 



□ 



OPERATOR THEORY ON THE TETRABLOCK 
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5. Concluding Remarks 

A compact subset K of C n is called a spectral set for a commuting n-tuple of operators 
T = (Ti, T2, . . . , T n ) if the Taylor joint spectrum of T is contained in K and 

\\r(T 1 ,T 2 , . . . ,T n )\\ < \\r\\oa,K = snp{\r(z 1 , z 2 , ■ ■ ■ , z n )\ : (z ± , z 2 , . . . , z n ) G K} (5.1) 

for any rational function r with poles off K. Here the norm on r is the supremum norm 
on K. 

For an m x m matrix valued function r, we can make sense of r(Ti,T 2 , . . .T n ). Any 
such r is a matrix of functions of the form 

r = [ r ij]i,j=l 

and hence 

r(T\, T 2 , . . . T n ) = [ rij (T u T 2 , . . . T n ))? J=1 . 

The set K is called a complete spectral set if the von Neumann type inequality (15. ip 
above holds for all rational functions taking values in matrices of any order with the 
norm now being 

IMU,K = swp{\\r(z h z 2 , ■ ■ ■ , z n )\\ : (zi, z 2 , . . . , z n ) G K}. 

Say that K has the property P if the following holds. "If if is a spectral set for a 
commuting tuple T, then it is a complete spectral set for T." 

(1) In dimension one, the unit disk (von Neumann [21]) and the annulus (Agler 
[2]) have this property. Dritschel and McCullough proved in p3] that a mul- 
tiply connected domain in general does not. They use Gel'fand-Naimark- Segal 
construction combined with a cone-separation argument. Agler, Harland and 
Raphael in [3] have shown that there exists a planar domain with two holes and 
an operator T on a Hilbert space of dimension 4 for which the property P fails. 

(2) In dimension two, the bidisc (Ando [8]) and the symmetrized bidisc have this 
property, see Agler and Young [4] - [B]. 

(3) No subset of C 3 with property P is known. 

(4) If K is the closed unit ball of some norm on C n where n > 2, then K cannot have 
this property. See Paulsen [16J and Pisier [18J. 

Deciding whether a given domain is a complete spectral set for a commuting tuple 
of operators is a difficult question in general. It is very recent that one has been able 
to use solutions of operator equations to decide this. The symmetrized bidisc has been 
shown to be a complete spectral set of a pair of commuting operators if and only if an 
associated operator equation can be solved, see Theorem 11.51 The work of the present 
note would have been able to conclude that the tetrablock has the property P if the 
dilation could be constructed for any tetrablock contraction and not just those for which 
T3 has dense range. This is a matter of further research. 
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